Our goal here is to show that this result is essentially an immediate consequence of the spectral theorem and elliptic regularity.
Let M be a noncompact Riemannian manifold with Laplace-Beltrami operator A acting on functions on M , A =: A(M) the bottom of spec (-A) , and attendant minimal positive heat kernel p ( x ,y , t ) (where ( x,y , t ) is an element of M x M x ( 0 , +co) Our goal here is to show that this result is essentially an immediate consequence of the spectral theorem and elliptic regularity.
The following well-known lemma follows directly form the spectral theorem and the Lebesgue monotone convergence theorem. [ 0 , co] so that f ( x , .) is monotone for eachfuced x and f ( x , co) Thus, by the strong L2 convergence and the semigroup property, converges to (g, , Pg,) = P ( x , y) . This proves the theorem.
Lemma. Let A be a seyadjoint operator and let f ( x , t ) be a measurable function on a ( A ) x
We close with several remarks: 1. Since elliptic regularity implies that Cm(H) consists of C" functions, it is not hard to see that the convergence is in the C" topology.
2. We did not provide a proof of the last statement in the main theorem of [ l ] that lim,,, q(x) = 0 if M is noncompact Riemannian with bounded geometry. This should follow by a general subsolution estimate that bounded geometry implies that 3. By the proof, the operators A, = eLteAt are monotone decreasing in t . This implies that (a,, A6,) = A(x, x) is monotone as noted by Chavel-Karp but also that A(x , x)+ A(y , y )f2A(x, y) = (6, ka,, A(&,f6,)) is monotone, providing a direct proof of pointwise convergence. 
